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Abstract
We consider dimensional reduction of the eleven-dimensional supergravity
to less than four dimensions. The three-dimensional E8(+8)/SO(16) nonlinear
sigma model is derived by direct dimensional reduction from eleven dimensions.
In two dimensions we explicitly check that the Matzner-Misner-type SL(2,R)
symmetry, together with the E8, satisfies the generating relations of E9 under
the generalized Geroch compatibility (hypersurface-orthogonality) condition.
We further show that an extra SL(2,R) symmetry, which is newly present
upon reduction to one dimension, extends the symmetry algebra to a real form
of E10. The new SL(2,R) acts on certain plane wave solutions propagating at
the speed of light. To show that this SL(2,R) cannot be expressed in terms
of the old E9 but truly enlarges the symmetry, we compactify the final two
dimensions on a two-torus and confirm that it changes the conformal structure
of this two-torus.
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1 Introduction
It is now widely believed that there exists a fundamental eleven-dimensional quantum
theory which incorporates all five superstring theories. Various duality symmetries of
compactified superstrings [1, 2, 3] are discrete subgroups of “hidden symmetries” of
their effective supergravity theories. An interesting picture is that there is some huge
discrete symmetry of the most symmetric vacuum of M theory, and other dualities
arise according to the variety of symmetry breaking. This fundamental symmetry
would then include all known duality groups as subgroups.
The eleven-dimensional supergravity [4] possesses (continuous) E7(+7) global (with
SU(8) local) symmetry [5] when it is compactified to four dimensions on a seven torus
T 7. Its discrete subgroup E7(+7)(Z) is known as U-duality of the compactified typeII
superstring [3]. Below four dimensions the eleven-dimensional supergravity exhibits
E8 and E9 in three and two dimensions [6, 7, 8, 9, 10] with the compactification
spaces being T 8 and T 9, respectively. One is then curious about what happens if
one further goes to one dimension. In 1982 Julia conjectured that the symmetry
group will be enlarged to E10 [11], whose Lie algebra belongs to a certain class of
Kac-Moody algebra, “hyperbolic Kac-Moody algebra”. This paper is an attempt to
answer to this question.
The hyperbolic Kac-Moody algebra E10 is defined by the Cartan matrix
Kij =


2 −1
−1 2 −1
−1 2 −1
−1 2 −1
−1 2 −1
−1 2 −1
−1 2 −1 −1
−1 2 −1
−1 2
−1 2


, (1.1)
whose Dynkin diagram is shown in Fig1. In general one can define a Kac-Moody
algebra associated with any N ×N Cartan matrix Kij that satisfies (i) Kii = 2, (ii)
Kij (i 6= j) is non-positive integer and (iii) if Kij = 0 then Kji = 0. Given such a
matrix Kij , the algebra is defined as arbitrary number of multiple commutators with
the relations
[hi, ej ] = Kijej, [hi, fj] = −Kijfj, [ei, fj] = δijhj , [hi, hj ] = 0 (1.2)
1
Figure 1: Dynkin diagram of E10.
1 2 3 4 5 6 7
8
0-1
(i, j = 1, . . . , N) and the Serre relations [12]
(adei)
1−Kijej = 0, (adfi)
1−Kijfj = 0. (1.3)
The set of generators ei, fi, hi (i = 1, . . . , N) are called the Chevalley generators. A
Kac-Moody algebra is said hyperbolic if a removal of any vertices from its Dynkin
diagram leaves diagrams of either finite-dimensional simple Lie algebras, affine Kac-
Moody algebras or their direct sum. A well-known intriguing feature of hyperbolic
Kac-Moody algebras, in particular in relation to supergravity and string theory, is
that hyperbolic Kac-Moody algebras can exist only up to rank = 10. E10 is one of
three hyperbolic Kac-Moody algebras with the possible highest rank (See [13] for a
review.). One is tempted to suspect [11] that this restriction might be linked in some
way to the fact that the allowed highest dimensions for supergravity is eleven.
Toward the proof of the E10 symmetry, an important progress was brought about
in 1991 by Nicolai, who pointed out a special feature of dimensional reduction to one
dimension [15]. He showed in D = 4, N = 1 supergravity that one must take a null
Killing vector at the stage of the reduction from two to one dimension if one wants to
keep the duality relations non-trivial. After this novel type of reduction 1, he wrote
out for the first time the set of the action of the Chevalley generators on the fields of
the SL(2,R) symmetry which newly emerged in one dimension, confirming that this
together with the Lie algebra of the Geroch group generates the hyperbolic “SL(2,R)
double-hat” algebra.
What was subtle in his argument was the independence of the new SL(2,R). Sup-
pose that one starts with a conformal-gauge two-metric (i.e. a zweibein proportional
to the identity) as in ref.[15] by invoking the degrees of freedom of diffeomorphisms.
Introducing a constant Killing vector then leads it to a flat metric, which is essen-
1See [16] for other aspects of null reduction.
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tially unique on a plane 2. Hence the new SL(2,R) can do nothing more than the
old Geroch group can on the two-metric because a global scale transformation can be
realized by the central charge of the Geroch group 3. For this reason, although the E9
symmetry has been known for some time, the straightforward-looking generalization
to E10 has never been accomplished.
In this paper, to achieve the non-trivial realization of “Nicolai’s SL(2,R)”, we
parameterize the two-metric by Lorentzian analogue of Beltrami differentials and
wrap the final two dimensions on a two-torus. In fact, even when a non-conformally-
flat metric has been chosen, it necessarily becomes flat again once a constant null
Killing vector is introduced. The escape in our case is that the new SL(2,R) can
act on the conformal structure 4 of the two-torus. One may view these solutions as
certain plane wave solutions propagating at the speed of light. We will show that
the new SL(2,R) does cause a change of a “Beltrami differential” of the Lorentzian
metric that cannot be absorbed by any diffeomorphisms.
Another issue in establishing the E10 symmetry is how the fields of the eleven-
dimensional supergravity parameterize the symmetric space E8(+8)/SO(16) after the
reduction to three dimensions. Although the three-dimensional locally supersymmet-
ric E8(+8)/SO(16) nonlinear sigma model is well-known [8], the direct construction
from eleven dimensions by dimensional reduction seems to have never appeared in
print. Of course one could also start from E7(+7)/SU(8) in four dimensions [7], but the
way E7(+7)/SU(8) is embedded into E8(+8)/SO(16) is a bit complicated. In this paper
we obtain the E8(+8)/SO(16) nonlinear sigma model by direct dimensional reduction
from eleven to three dimensions. We use Freudenthal’s classical realization of E8
[17, 6]. It turns out that this realization clearly reflects the (bosonic) field content in
three dimensions after duality transformations, showing how the eleven-dimensional
fields fit into the E8(+8)/SO(16) scalar manifold.
Our strategy for the construction of E10 is as follows. We proceed step by step. We
first read off the set of transformations that correspond to the Chevalley generators
of E8(+8) in the E8(+8)/SO(16) sigma model. Next we reduce the dimension to two,
2In other words, “conformal gauge” is not just a gauge choice any more once if the Killing vector
is fixed.
3One cannot exclude the possibility that it might act non-trivially on other fields than the two-
metric, so that it might really enlarge the symmetry. We will seek another possibility in the following,
however.
4The idea of the possibility was suggested by H.Nicolai (private communication).
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write out the Chevalley generators of the extra SL(2,R) in two dimensions, and
confirm that this SL(2,R) has correct commutation relations with the E8 so that
the symmetry is extended to E9. Finally we reduce one more dimension, find the
new SL(2,R) transformation, and check that it successfully enlarges the symmetry
algebra to E10
5.
This paper is organized as follows. In sect.2 we derive the E8(+8)/SO(16) non-
linear sigma model by dimensional reduction from eleven dimensions and read off
the transformations corresponding to the Chevalley generators. In sect.3 we deal
with the reduced two-dimensional model and check that the symmetry is enlarged to
E9. In sect.4 we reduce the dimension to one and show that the symmetry is E10.
The non-triviality of Nicolai’s SL(2,R) is also proved. Finally we give conclusions in
sect.5.
2 E8 in three dimensions
2.1 E8/SO(16) nonlinear sigma model from the eleven- di-
mensional supergravity
We start with dimensional reduction of the eleven-dimensional supergravity [4] to
three dimensions. The bosonic Lagrangian with all fermionic fields set to zero is
L = E(11)
[
R(11) − 1
12
FµˆνˆρˆσˆF
µˆνˆρˆσˆ
]
+
8
124
ǫµˆ1µˆ2µˆ3µˆ4µˆ5µˆ6µˆ7µˆ8µˆ9µˆ10µˆ11Fµˆ1µˆ2µˆ3µˆ4Fµˆ5µˆ6µˆ7µˆ8Aµˆ9µˆ10µˆ11 . (2.1)
µˆ, νˆ, . . . are the eleven-dimensional spacetime indices. Decomposing xµˆ into uncom-
pactified coordinates xµ = t, x, y and compactified coordinates xi, i = 1, . . . , 8 and
dropping the xi-dependence, we get the three-dimensional Lagrangian
L = E(3)
[
R(3) −G(3)µν∂µ ln e∂ν ln e+ 1
4
G(3)µν∂µg
ij∂νgij
5Note that if the relations (1.2) and (1.3) are regarded as those of a real Lie algebra, with Kij
defined by (2.43), they define a real form E8(+8) of the complex Lie algebra E8. (The number
+8 in parenthesis denotes the difference between the numbers of positive and negative generators
in the invariant bilinear form.) For any simple Lie algebra XN , the real Lie algebra defined in
this way is always XN(+N), since positive and negative roots can be paired either symmetrically or
anti-symmetrically, giving the same number of generators with opposite signs. This leaves N excess
coming from the Cartan subalgebra. In that sense the symmetries should be called E9(+9) and
E10(+10), respectively, although both are infinite-dimensional. They are called ‘normal’ (or ‘split’)
real forms.
4
−1
4
G(3)µρG(3)νσe2gijB
i
µνB
j
ρσ −
1
3
G(3)µνgilgjmgkn∂µAijk∂νAlmn
−1
2
G(3)µρG(3)νσe2gilgjm(F ′µνij +B
k
µνAijk)(F
′
ρσlm +B
n
ρσAlmn)
]
+
1
36
ǫµνρǫijklmnpq(F ′µνij +
2
3
BrµνAijr)∂ρAklmAnpq, (2.2)
where
F ′µνij = 2∂[µA
′
ν]ij, A
′
µij = Aµij −BkµAijk, (2.3)
Biµν = 2∂[µB
i
ν]. (2.4)
B iµ is the Kaluza-Klein vector fields associated with the decomposition of the elfbein
E
(11)αˆ
µˆ =
[
e−1E(3)αµ B
i
µ e
a
i
0 e ai
]
. (2.5)
The local Lorentz flat metric is
ηαˆβˆ =
[
η
(3)
αβ
δab
]
, (2.6)
where the eleven-dimensional Lorentz indices αˆ are also decomposed into α = 0, . . . , 3
and a = 1, . . . , 8 similarly. η
(3)
αβ has signature (−++). A′µij is an invariant combination
under Kaluza-Klein gauge transformations.
The degrees of freedom of vector fields in three dimensions can be traded by those
of scalar fields by duality transformations. To see this, a usual trick is to introduce
the following Lagrange multiplier terms
LLag.mul. = ϕijǫµνρ∂µF ′νρij +
1
2
ψiǫ
µνρ∂µB
i
νρ. (2.7)
Up to complete squares of F ′µνij and B
i
µν , we find
L+ LLag.mul.
= E(3)
[
R(3) +G(3)µν
(
1
4
∂µg
ij∂νgij − ∂µ ln e∂ν ln e− 1
3
gilgjmgkn∂µAijk∂νAlmn
− e2gikgjl(∂µϕij − 1
36
ǫijp1q1r1s1t1u1∂µAp1q1r1As1t1u1)
· (∂νϕkl − 1
36
ǫklp2q2r2s2t2u2∂νAp2q2r2As2t2u2)
− 1
2
e−2gij(∂µψi + ∂µAik1l1ϕ
k1l1 −Aik1l1∂µϕk1l1
+
1
54
ǫm1n1p1q1r1s1t1u1Aim1n1∂µAp1q1r1As1t1u1)
· (∂νψj + ∂νAjk2l2ϕk2l2 − Aik2l2∂νϕk2l2
+
1
54
ǫm2n2p2q2r2s2t2u2Aim2n2∂νAp2q2r2As2t2u2)
)]
, (2.8)
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where the degrees of freedom of 28 + 8 three-dimensional vectors A′µij and B
i
µ are
replaced by those of the scalars ϕij and ψi. Duality relations are
F (3)µνij = −E(3)−1e−2ǫµνρ(∂ρϕij − 1
36
ǫijklmnpq∂ρAklm Anpq) (2.9)
with F
(3)
µνij = F
′
µνij +B
k
µνAijk, and
Bµνk = −E(3)−1e−2ǫµνρ(∂ρψk − Akij∂ρϕij + ϕij∂ρAkij
+
1
54
ǫijlmnpqrAijk∂ρAlmn Apqr). (2.10)
The derivation of (2.8) is standard.
We will now show how this nonlinear sigma model fits into the symmetric space
E8(+8)/SO(16). We first observe that if all the fields originating from Aµˆνˆρˆ are turned
off, the remaining scalars describe SL(9,R)/SO(9). This can be seen as follows. The
sigma-model part of the Lagrangian (2.8) is then simply given by
E(3)G(3)µν
(
1
4
∂µg
ij∂νgij − ∂µ ln e∂ν ln e− 1
2
e2gij∂µψi∂νψj
)
. (2.11)
We parameterize the coset SL(9,R)/SO(9) in terms of a nine-by-nine symmetric
matrix M ≡ V V T with, taking e ai to be upper-triangular,
V a
′
i′ =
[
e ai −e−1ψi
0 e−1
]
. (2.12)
Here we introduced the extended curved and flat indices i′ = i, 9 and a′ = a, 9 in a
similar way to [5] where the SL(7,R) is enlarged to the SL(8,R). The form of V V T
ensures that the orthogonal group factor is gauged out. One may then easily see that
(2.11) can be written
1
4
E(3)G(3)µνTr∂µM
−1∂νM. (2.13)
This is an example of a general rule that d-dimensional pure gravity exhibits SL(d−
2,R)/SO(d− 2) symmetry when it is reduced to three dimensions [6]. Another (the
oldest) example is “Ehlers’ SL(2,R)” [18, 9] known for a long time in general relativity.
As a complex Lie algebra, SL(9,C) can be extended to E8 by adding two third-
rank antisymmetric tensors [17]. Let V be the space of third-rank antisymmetric
tensor representation of SL(9,C), and V ∗ be the dual space of V , E8 is decomposed
as SL(9,C)⊕V ⊕ V ∗. Their dimensions are 248 = 80⊕ 84⊕ 84. E8 can be defined
6
by the following commutation relations (Lie brackets):
[X, Y ] j
′
i′ = X
k′
i′ Y
j′
k′ −X j
′
k′ Y
k′
i′ ,
[X, v]i′j′k′ = X
l′
i′ vl′j′k′ +X
l′
j′ vi′l′k′ +X
l′
k′ vi′j′l′,
[X, v∗]i
′j′k′ = −(X i′l′ v∗l
′j′k′ +X j
′
l′ v
∗i′l′k′ +X k
′
l′ v
∗i′j′l′),
[v, w]i
′j′k′ =
1
36
√
3
ǫi
′j′k′p′q′r′l′m′n′vp′q′r′wl′m′n′,
[v∗, w∗]i′j′k′ =
1
36
√
3
ǫi′j′k′p′q′r′l′m′n′v
∗p′q′r′w∗l
′m′n′,
[v, w∗] j
′
i′ = −
1
6
(vi′k′l′w
∗j′k′l′ − 1
9
δj
′
i′ vk′l′m′w
∗k′l′m′),
(2.14)
X j
′
i′ , Y
j′
i′ ∈ SL(9,C), vi′j′k′, wi′j′k′ ∈ V and v∗i′j′k′, w∗i′j′k′ ∈ V ∗. If these relations are
regarded as those of a real Lie algebra, then they define E8(+8). We write down the
generators in adjoint representation of E8(+8) in the three-by-three block form
adX =


X l
′
i′ δ
j′
m′ −Xj
′
m′δ
l′
i′ 0 0
0 X l
′m′n′
i′j′k′ 0
0 0 −X i′j′k′l′m′n′


,
adv =


0 0 − 1
6
(vi′[m′n′δ
j′
l′]
− 1
9
vl′m′n′δ
j′
i′
)
−3(vm′ [j′k′δl
′
i′]
− 1
9
vi′j′k′δ
l′
m′
) 0 0
0 1
36
√
3
ǫi
′j′k′p′q′r′l′m′n′vp′q′r′ 0


,
adv∗ =


0 1
6
(v∗j
′ [m′n′δ
l′]
i′
− 1
9
v∗l
′m′n′δ
j′
i′
) 0
0 0 1
36
√
3
ǫi′j′k′p′q′r′l′m′n′v
∗p′q′r′
3(v∗l
′ [j′k′δ
i′]
m′
− 1
9
v∗i
′j′k′δl
′
m′
) 0 0


,
(2.15)
with X l
′m′n′
i′j′k′ ≡ X l′i′ δm′j′ δn′k′ +X l′j′ δm′k′ δn′i′ +X l′k′ δm′i′ δn′j′ . They map tensors (Y m′l′ , wl′m′n′,
w∗l
′m′n′) to (Y ′i′
j′, w′i′j′k′, w
′∗i′j′k′).
In view of the structure of the algebra, 56+28 = 84 Aijk and ϕ
ij should fit somehow
into 84 + 84 vi′j′k′ and v
∗i′j′k′. To find the correct assignment, a useful hint is that
ad(v+ v∗) must be a nilpotent matrix so that exp(ad(v+ v∗)) becomes a polynomial.
7
The most natural candidate is the case that all Aijk and ϕ
ij correspond only to the
elements associated with negative (or positive) roots. In this way a half of 84 + 84
elements are selected. Moreover, it turns out that vijk and v
∗ij9 (i, j, k = 1, . . . , 8) can
be taken as the elements corresponding to negative roots. In view of this nice index
structure, we assume
vi′j′k′ ≡ Ai′j′k′ = −2
√
3δi[i′δ
j
j′δ
k
k′]Aijk,
v∗i
′j′k′ ≡ ϕi′j′k′ = −2
√
3 · 3δ[i′i δj
′
j δ
k′]
9 ϕ
ij , (2.16)
where −2√3 is a normalization for later convenience. One may then verify that
(ad(v + v∗))5 = 0. Therefore exp(ad(v + v∗)) is a fourth-order polynomial of Ai′j′k′
and ϕi
′j′k′. After some calculation we obtain
exp(ad(v + v∗))
=

 exp(ad(v + v
∗))Y,Y exp(ad(v + v∗))Y,w exp(ad(v + v∗))Y,w∗
exp(ad(v + v∗))w,Y exp(ad(v + v∗))w,w exp(ad(v + v∗))w,w∗
exp(ad(v + v∗))w∗,Y exp(ad(v + v∗))w∗,w exp(ad(v + v∗))w∗,w∗

 ,
(2.17)
exp(ad(v + v∗))Y,Y
= δl
′
i′δ
j′
m′ −
1
9
δj
′
i′ δ
l′
m′ −
1
12
(Ai′p′q′ϕ
l′p′q′δj
′
m′ + Am′p′q′ϕ
j′p′q′δl
′
i′
+4Ai′m′p′ϕ
j′l′p′ − 2
3
Am′p′q′ϕ
l′p′q′δj
′
i′ −
2
3
Ai′p′q′ϕ
j′p′q′δl
′
m′)
+
1
432
√
3
(ǫj
′w′x′p′q′r′l′u′v′Ai′w′x′Ap′q′r′Am′u′v′ + ǫi′w′x′p′q′r′m′u′v′ϕ
j′w′x′ϕp
′q′r′ϕl
′u′v′)
− 1
144
ϕj
′p′q′ϕl
′u′v′(Ai′p′q′Am′u′v′ − 4Ai′p′v′Am′u′q′),
(2.18)
exp(ad(v + v∗))Y,w
=
1
6
(ϕj
′[m′n′δ
l′]
i′ −
1
9
δj
′
i′ ϕ
l′m′n′)− 1
432
√
3
ǫj
′v′w′p′q′r′l′m′n′Ai′v′w′Ap′q′r′
+
1
36
(
1
6
Ai′p′q′ϕ
j′p′q′ϕl
′m′n′ −Ai′p′q′ϕj′p′[l′ϕm′n′]q′ + (Ap′q′r′ϕp′q′l′ϕm′j′r′δn′i′ )[l
′m′n′]
)
+
1
432
√
3
ǫl
′m′n′p′q′r′s′t′u′
(
1
3
Ai′q′r′Ap′v′w′ +
2
3
Ai′v′p′Aq′r′w′
)
As′t′u′ϕ
j′v′w′,
(2.19)
exp(ad(v + v∗))Y,w∗
8
= −1
6
(Ai′[m′n′δ
j′
l′] −
1
9
δj
′
i′Al′m′n′) +
1
432
√
3
ǫi′v′w′p′q′r′l′m′n′ϕ
j′v′w′ϕp
′q′r′
− 1
36
(
1
6
ϕj
′p′q′Ai′p′q′Al′m′n′ − ϕj′p′q′Ai′p′[l′Am′n′]q′
)
+
1
432
√
3
ǫj
′v′w′p′q′r′s′t′u′Ai′v′w′Ap′[m′n′Al′]q′r′As′t′u′ ,
(2.20)
exp(ad(v + v∗))w,Y
= −3(Am′[j′k′δl′i′] −
1
9
Ai′j′k′δ
l′
m′) +
1
24
√
3
ǫi′j′k′p′q′r′m′u′v′ϕ
l′u′v′ϕp
′q′r′
+
1
6
(−1
2
ϕl
′p′q′Am′p′q′Ai′j′k′ + 3ϕ
l′p′q′Am′p′[i′Aj′k′]q′)
− 1
24
√
3
ǫl
′v′w′p′q′r′s′t′u′Am′v′w′Ap′[j′k′Ai′]q′r′As′t′u′,
(2.21)
exp(ad(v + v∗))w,w
= δl
′
[i′δ
m′
j′ δ
n′
k′] +
1
2
(
1
2
(Ai′p′q′ϕ
l′p′q′δm
′
j′ δ
n′
k′ )[i′j′k′] − (Ai′j′p′ϕl
′m′p′δn
′
k′ )[i′j′k′ +
1
9
Ai′j′k′ϕ
l′m′n′
)
+
1
72
√
3
ǫl
′m′n′p′q′r′s′t′u′Ap′[j′k′Ai′]q′r′As′t′u′ ,
(2.22)
exp(ad(v + v∗))w,w∗
=
1
36
√
3
ǫi′j′k′p′q′r′l′m′n′ϕ
p′q′r′ +
1
4
(
Al′[j′k′Ai′]m′n′ − 1
9
Ai′j′k′Al′m′n′
)
,
(2.23)
exp(ad(v + v∗))w∗,Y
= +3(ϕl
′[j′k′δ
i′]
m′ −
1
9
ϕi
′j′k′δl
′
m′)−
1
24
√
3
ǫi
′j′k′p′q′r′l′u′v′Am′u′v′Ap′q′r′
−1
6
(−1
2
Am′p′q′ϕ
l′p′q′ϕi
′j′k′ + 3Am′p′q′ϕ
l′p′[i′ϕj
′k′]q′ − 3(Ap′q′r′ϕp′q′i′ϕj′l′r′δk′m′)[i
′j′k′])
− 1
24
√
3
ǫi
′j′k′p′q′r′s′t′u′
(
1
3
Am′q′r′Ap′v′w′ +
2
3
Am′v′p′Aq′r′w′
)
As′t′u′ϕ
l′v′w′,
(2.24)
exp(ad(v + v∗))w∗,w
=
1
36
√
3
ǫi
′j′k′p′q′r′l′m′n′Ap′q′r′ +
1
4
(
ϕl
′[j′k′ϕi
′]m′n′ − 1
9
ϕi
′j′k′ϕl
′m′n′
)
,
(2.25)
exp(ad(v + v∗))w∗,w∗
9
= δ
[i′
l′ δ
j′
m′δ
k′]
n′ +
1
2
(
1
2
(ϕi
′p′q′Al′p′q′δ
j′
m′δ
k′
n′)
[i′j′k′] − (ϕi′j′p′Al′m′p′δk′n′)[i
′j′k′] +
1
9
ϕi
′j′k′Al′m′n′
)
− 1
72
√
3
ǫi
′j′k′p′q′r′s′t′u′Ap′[m′n′Al′]q′r′As′t′u′.
(2.26)
Here the bracket means that the indices inside are totally anti-symmetrized. We
have employed the equations Ai′j′k′ϕ
i′j′k′ = 0, Ai′l′m′Aj′k′n′ϕ
i′j′k′ = 0, etc. We further
calculate exp(−ad(v + v∗)) ·∂µ exp(ad(v + v∗)) to find
exp(−ad(v + v∗))∂µ exp(ad(v + v∗))
=


Y l
′
i′ δ
j′
m′ − Y j
′
m′δ
l′
i′
1
6
(w∗j
′[m′n′δ
l′]
i′ − 19w∗l
′m′n′δj
′
i′ ) −16(wi′[m′n′δj
′
l′] − 19wl′m′n′δj
′
i′ )
−3(wm′[j′k′δl′i′] − 19wi′j′k′δl
′
m′) Y
l′m′n′
i′j′k′
1
36
√
3
ǫi′j′k′p′q′r′l′m′n′w
∗p′q′r′
3(w∗l
′[j′k′δ
i′]
m′ − 19w∗i
′j′k′δl
′
m′)
1
36
√
3
ǫi
′j′k′p′q′r′l′m′n′wp′q′r′ −Y i
′j′k′
l′m′n′


,
(2.27)
with
Y l
′
i′ =
1
12
(
Ai′p′q′∂µϕ
l′p′q′ − ϕl′p′q′∂µAi′p′q′
)
− 1
1296
√
3
ǫl
′v′w′p′q′r′s′t′u′Ai′v′w′Ap′q′r′∂µAs′t′u′ ,
wi′j′k′ = ∂µAi′j′k′,
w∗i
′j′k′ = ∂µϕ
i′j′k′ − 1
72
√
3
ǫi
′j′k′p′q′r′s′t′u′Ap′q′r′∂µAs′t′u′ . (2.28)
All terms higher than fourth-order vanish. This is exactly what we want because the
Lagrangian (2.8) contains bilinear of cubic or lower-order terms only. Since a triple
[Y l
′
i′ , wi′j′k′, w
∗i′j′k′] completely specifies an element of E8(+8) in adjoint representation,
we write
(2.27) ≡ ad[Y l′i′ , wi′j′k′, w∗i
′j′k′] (2.29)
for simple notation.
We will now construct the E8(+8)/SO(16) nonlinear sigma-model Lagrangian. Let
V be an element of the Lie group of E8(+8) defined by
V ≡ V−V+ (2.30)
10
with
V+ =


V a
′
i′ V
j′
b′
V a
′
[i′ V
b′
j′ V
c′
k′]
V
[i′
a′V
j′
b′V
k′]
c′

 (2.31)
and
V− = exp(ad(v + v∗)). (2.32)
The invariant tangent vector field is
V−1∂µV = ad[Z d′a′ , wa′b′c′, w∗a
′b′c′ ], (2.33)
where
Z d
′
a′ =
[
e ia ∂µe
d
i −e−1e ia (∂µψi − Y 9i )
0 −e−1∂µe
]
, (2.34)
Y 9i = Aipq∂µϕ
pq − ϕpq∂µAipq − 1
54
ǫvwpqrstuAivw∂µApqrAstu,
(2.35)
wa′b′c′ = −2
√
3δa[a′δ
b
b′δ
c
c′]e
i
a e
j
b e
k
c ∂µAijk, (2.36)
w∗a
′b′c′ = −6
√
3δ[a
′
a δ
b′
b δ
c′]
9 e
−1eaie
b
j(∂µϕ
ij − 1
36
ǫijpqrstu∂µApqrAstu). (2.37)
To construct a coset nonlinear sigma model, we introduce the symmetric space
involution τ such that for E8(+8) = H(= SO(16))⊕K,
τ(H) = +H, τ(K) = −K. (2.38)
Defining the “symmetric matrix”
M≡ V · τ(V)−1, (2.39)
one finds
Tr∂µM−1∂µM = −Tr
(
V−1∂µV − τ(V−1∂µV)
)2
. (2.40)
Thus the H components of V−1∂µV are projected out. Since τ acts on a triple as
τ(ad[Z d
′
a′ , wa′b′c′, w
∗a′b′c′]) = ad[−Z a′d′ , w∗a′b′c′, wa
′b′c′], (2.41)
we obtain
Tr∂µM−1∂µM
11
= −Tr(ad[(Z + ZT ) d′a′ , (w − w∗)a′b′c′, (w∗ − w)a
′b′c′])2
= −60
(
(Z + ZT ) b
′
a′ (Z + Z
T ) a
′
b′ +
1
9
(w − w∗)a′b′c′(w − w∗)a′b′c′
)
= 240G(3)µν
(
1
4
∂µg
ij∂νgij − ∂µ ln e∂ν ln e− 1
3
gilgjmgkn∂µAijk∂νAlmn
− e−2gikgjl(∂µϕij − 1
36
ǫijp1q1r1s1t1u1∂µAp1q1r1As1t1u1)
· (∂νϕkl − 1
36
ǫklp2q2r2s2t2u2∂νAp2q2r2As2t2u2)
− 1
2
e−2gij(∂µψi + ∂µAik1l1ϕ
k1l1 − Aik1l1∂µϕk1l1
+
1
54
ǫm1n1p1q1r1s1t1u1Aim1n1∂µAp1q1r1As1t1u1)
· (∂νψj + ∂νAjk2l2ϕk2l2 −Aik2l2∂νϕk2l2
+
1
54
ǫm2n2p2q2r2s2t2u2Aim2n2∂νAp2q2r2As2t2u2)
)
. (2.42)
This expression is identical (except for the factor 240) to the sigma-model part of
(2.8). This completes the direct derivation of the E8(+8)/SO(16) nonlinear sigma
model by dimensional reduction from eleven dimensions.
2.2 Chevalley generators of E8
For later convenience we write out the transformation formulas of the scalar fields
corresponding to the Chevalley generators of E8, which satisfy the relations (1.2)(1.3)
with the Cartan matrix
Kij =


2 −1
−1 2 −1
−1 2 −1
−1 2 −1
−1 2 −1 −1
−1 2 −1
−1 2
−1 2


. (2.43)
Labeling the vertices as in Fig.2, we denote the kth SL(2,R) subalgebra by
SL(2,R)n (n = 1, . . . , 8). They generate E8(+8) as already remarked. Then SL(2,R)k
(k = 1, . . . , 7) act on V as (before compensating SO(16) gauge transformations) 6
δekV = ad[E l
′
(k)i′ , 0, 0]V,
6In fact it is −δxn that satisfy the algebra of xn (x = e, f, h) because [δx, δx′ ] = δ[x′,x].
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Figure 2: Dynkin diagram of E8.
1 2 3 4 5 6 7
8
δfkV = ad[F l
′
(k)i′ , 0, 0]V,
δhkV = ad[H l
′
(k)i′ , 0, 0]V, (2.44)
with
E l
′
(k)i′ = δ
k
i′δ
l′
k+1, F
l′
(k)i′ = δ
k+1
i′ δ
l′
k , H
l′
(k)i′ = δ
k
i′δ
l′
k − δk+1i′ δl
′
k+1, (2.45)
whereas for SL(2,R)8,
δe8V = ad[0, 6
√
3δ6[i′δ
7
j′δ
8
k′], 0]V,
δf8V = ad[0, 0,−6
√
3δ
[i′
6 δ
j′
7 δ
k′]
8 ]V,
δh8V = ad[H˜ l
′
(8)i′ , 0, 0]V, (2.46)
where
H˜(8) ≡ −1
3
(H(1) + 2H(2) + 3H(3) + 4H(4) + 5H(5) + 3H(6)
+H(7) −H(8)), (2.47)
H l
′
(8)i′ ≡ δ8i′δl
′
8 − δ9i′δl
′
9 . (2.48)
Using the equation
V−1− δV− + δV+V−1+ = V−1− XV− (2.49)
for δV = XV, we may express these formulas as those for Ai′j′k′,ϕi′j′k′ and V a′i′ . The
result is as follows:
δekAi′j′k′ = 3Ak+1[j′k′δ
k
i′],
δekϕ
i′j′k′ = −3ϕk[j′k′δi′]k+1, (2.50)
δekV
a′
i′ = δ
k
i′δ
l′
k+1V
a′
l′ ,
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δfkAi′j′k′ = 3Ak[j′k′δ
k+1
i′] ,
δfkϕ
i′j′k′ = −3ϕk+1[j′k′δi′]k , (2.51)
δfkV
a′
i′ = δ
k+1
i′ δ
l′
kV
a′
l′ ,
δhkAi′j′k′ = 3(Ak[j′k′δ
k
i′] − Ak+1[j′k′δk+1i′] ),
δhkϕ
i′j′k′ = −3(ϕk[j′k′δi′]k − ϕk+1[j
′k′δ
i′]
k+1), (2.52)
δhkV
a′
i′ = (δ
k
i′δ
l′
k − δk+1i′ δl
′
k+1)V
a′
l′
(k = 1, . . . , 7), and
δe8Ai′j′k′ = 6
√
3δ678[i′j′k′],
δe8ϕ
i′j′k′ =
1
12
ǫi
′j′k′678p′q′r′Ap′q′r′ , (2.53)
δe8V
a′
i′ =
(
−
√
3
2
ϕl
′[78δ
6]
i′ +
1
432
ǫl
′p′q′678s′t′u′Ai′p′q′As′t′u′
)
V a
′
l′ ,
δf8Ai′j′k′ = −
1
6
ǫi′j′k′678p′q′r′ϕ
p′q′r′ − 3
√
3
2
(
Ai′[78A6]j′k′ − 1
9
Ai′j′k′A678
)
,
δf8ϕ
i′j′k′ = −6
√
3δ
[i′j′k′]
678 +
3
√
3
2
(
Ap′[78ϕ
p′[j′k′δ
i′]
6] −
1
9
A678ϕ
i′j′k′
)
+
1
144
ǫi
′j′k′p′q′r′s′t′u′Ap′[78A6]q′r′As′t′u′ , (2.54)
δf8V
a′
i′ = −
√
3
(
1
2
Ai′[78δ
l′
6] −
1
9
δl
′
i′A678
)
V a
′
l′
−
√
3
18
(
Ai′q′[6A78]q′ +
1
4
Ai′[78A6]p′q′ − 1
6
Ai′p′q′A678
)
ϕl
′p′q′ ,
δh8Ai′j′k′ = 3Al′[j′k′H˜
l′
(8)i′] ,
δh8ϕ
i′j′k′ = −3ϕl′[j′k′H˜ i′](8)l′ , (2.55)
δh8V
a′
i′ = H˜
l′
(8)i′ V
a′
l′ .
Since δf8 makes ϕ
i′j′k′ deviate from the condition ϕi
′j′k′ = 0 (i′, j′, k′ 6= 9), and
consequently breaks the traceless condition for V a
′
i′ , one needs a compensating local
SO(16) transformation. Such a transformation is given by
δ
(comp)
f8
V = VY,
Y = ad[0, wa′b′c′, w
a′b′c′],
wa′b′c′ = 6
√
3δa′aδb′bδc′ce
a
6e
b
7e
c
8. (2.56)
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The relation
V−1− δ(comp)f8 V− + δ(comp)f8 V+V−1+ = V+Y V−1+ (2.57)
enables us to find
δ
(comp)
f8
Ai′j′k′ = 6
√
3gi6gj7gk8δ
i
[i′δ
j
j′δ
k
k′]′,
δ
(comp)
f8
ϕi
′j′k′ = 6
√
3(δ
[i′
6 δ
j′
7 δ
k′]′
8 + 3ψ[6δ
[i′
7 δ
j′
8]δ
k′]′
9 )−
1
12
ǫi
′j′k′pqrs′t′u′gp6gq7gr8Aa′t′u′,
δ
(comp)
f8
V a
′
i′ =
[√
3
2
gi6gj7gk8δ
[i
i′ϕ
jk]l′ −
√
3
2
(δl
′
[6A78]i′ + ψ[6A78]i′δ
l′
9 )
+
1
432
ǫl
′m′n′pqrs′t′u′Ai′m′n′As′t′u′gp6gq7gr8
]
V a
′
l′ . (2.58)
Thus the total transformation δ
(tot)
f8
≡ δf8 + δ(comp)f8 reads (taking the factor −2
√
3 in
eqs.(2.16) into account)
δ
(tot)
f8
Aijk = −3(gi6gj7gk8)[678] − 1
2
ǫijk678pqϕ
pq
+9(Ai78A6jk)[ijk][678] − AijkA678,
δ
(tot)
f8
ϕij = −3ψ[6δi7δj8] −
1
12
ǫijpqrstugp6gq7gr8Astu
−(6Ap[78ϕp[jδi]6] −A678ϕij) +
1
12
ǫijpqrstuAp[78A6]qrAstu,
δ
(tot)
f8
e ai = 6(Ai[78e
a
6] −
1
9
A678e
a
i ),
δ
(tot)
f8
ψi = 3(gi6gj7gk8)[678]ϕ
jk + 3Ai[78ψ6] − 1
36
ǫjkpqrstuAijkAstugp6gq7gr8
−(4Aij[6A78]k + Ai[78A6]jk − 2
3
AijkA678)ϕ
jk. (2.59)
We also write down δe8 on these fields:
δe8Aijk = −3δ6[iδ7j δ8k],
δe8ϕ
ij =
1
12
ǫij678pqrApqr,
δe8e
a
i = 0,
δe8ψi = −3ϕ[78δ6]i −
1
36
ǫpq678stuAipqAstu. (2.60)
As a final comment we note that δfk , k = 1, . . . , 7 break the upper-triangular
gauge condition for V a
′
i′ . In checking the E9 relations in the next section this is
harmless since δfkV
a′
i′ is well-defined whether or not V
a′
i′ is in upper-triangular form.
In contrast, we have to compensate nonzero ϕ678 as we did above because by definition
one of i′, j′, k′ must be 9 for ϕi
′j′k′ and cannot be expressed in terms of ϕij .
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3 E9 in two dimensions
3.1 “Matzner-Misner’s” SL(2,R)
In this subsection we will analyze the extra SL(2,R) symmetry that is newly present
in two dimensions 7. As it mixes third and fourth rows of the elfbein, it is not manifest
in the dualized Lagrangian (2.8) in which the coordinates y and x1 are differently
treated. Hence we start with Cremmer-Julia’s four-dimensional Lagrangian [5] and
then reduce the dimension to two.
The bosonic part of the four-dimensional Lagrangian obtained by dimensional
reduction of the eleven-dimensional supergravity can be written in the form [5]
L′ = E(4)
[
R(4) − 1
2
(1MNPQmIJ + j
MNPQaIJ)F
I
MNF
J
PQ +
1
48
TrG(4)MN∂MR−1∂NR
]
(3.1)
with
1MNPQ ≡ G(4)P [MG(4)N ]Q, jMNPQ ≡ 1
2
E(4)−1ǫMNPQ. (3.2)
mIJ , aIJ are some symmetric functions of scalar fields. R is a symmetric matrix given
in terms of m and a as
R =
[
m+ am−1a am−1
m−1a m−1
]
. (3.3)
I, J are the internal indices labeling 28 abelian vector fields. M,N, . . . are the four-
dimensional spacetime indices, which we split into (µ,m) with µ = t, x and m = y, x1.
Assuming ∂m = 0, we get the two-dimensional Lagrangian
L′ = eE˜(2)
[
R˜(2) + G˜(2)µν
(
1
4
∂µgmn∂νg
mn + ∂µ ln e∂ν ln e
)
− 1
4
G˜(2)µρG˜(2)νσgmnB
m
µνB
n
ρσ
− 1
2
mIJ
(
G˜(2)µρG˜(2)νσ(F Iµν − 4F IµmBmν )F Jρσ
+2(G˜(2)µνgmn + 2G˜(2)µ[νG˜(2)σ]ρBmρ B
n
σ )F
I
µmF
J
νn
)
+ e−1(E˜(2))−1aIJǫ
µνǫmnF IµmF
J
νn
+
1
48
TrG˜(2)µν∂µR−1∂νR
]
, (3.4)
7The name “Matzner-Misner” appeared in ref.[20], in which the first evidence for A
(1)
1 including
central charge was presented.
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where the vierbein is decomposed as
E
(4)A
M =
[
E˜
(2)α
µ B
m
µ e
α
m
0 eαm
]
. (3.5)
The zweibein without tilde is reserved for the symbol used in the next section. E
(4)A
M
is related to the four-by-four block of the elfbein by
E
(11)A
M =
(
e
ea=1i=1
)− 1
2
E
(4)A
M . (3.6)
The Lagrangian L′ is manifestly invariant under the SL(2,R) group transforma-
tion
e am 7−→ Ω nm e an ,
F Iµm 7−→ Ω nmF Iµn, (3.7)
B
m
µ 7−→ (Ω−1) mn B nµ
for Ω nm ∈ SL(2,R) group. This is a generalization of Matzner-Misner’s SL(2,R)
symmetry [19, 20, 9] in general relativity.
3.2 From E8 to E9
The Lagrangian L′ differs from L by some other Lagrange multiplier terms, but their
equations of motion are equivalent if the duality relations are used [5]. Hence the
equations of motion of L′ are also equivalent to those derived from L + LLag.mul.
through the relations (2.9) and (2.10). Thus the equations of motion of the eleven-
dimensional supergravity possess SL(2,R)×E8(group) symmetry if they are reduced
to two dimensions. We will show that the infinitesimal form of this SL(2,R) enlarges
the symmetry algebra from E8 to E9.
Let SL(2,R)0 be the infinitesimal form of (3.7), generated by
δXe
a
m = X
n
m e
a
n ,
δXF
I
µm = X
n
m F
I
µn, (3.8)
δXB
m
µ = −X mn B nµ .
We denote the generators for
X =
[
1
0
]
(≡ E),
[
0
1
]
(≡ F ) and
[
1
−1
]
(≡ H) (3.9)
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by δe0 , δf0 and δh0, respectively.
We first note that the action of SL(2,R)0 is expressed in terms of eleven-dimensional
fields as
δXE
(11)αˆ
µˆ =


0
0
X
0
. . .
0




...
E(11)αˆy
E
(11)αˆ
1
...


≡ X νˆ(0)µˆ E(11)αˆνˆ (3.10)
and
δXAµˆνˆρˆ = 3(X
σˆ
(0)µˆ Aσˆνˆρˆ)[µˆνˆρˆ]. (3.11)
In fact, if we define
X νˆ(k)µˆ =
t x y 1 · · · k (k+1) · · · 8

0
0
0
0
. . .
X
. . .
0


, (3.12)
the action of SL(2,R)k (k = 1, . . . , 7) can also be written as
δxkE
(11)αˆ
µˆ = X
νˆ
(k)µˆ E
(11)αˆ
νˆ , (3.13)
δxkAµˆνˆρˆ = 3(X
σˆ
(k)µˆ Aσˆνˆρˆ)[µˆνˆρˆ], (3.14)
where x = e, f, h corresponding to X = E, F,H . Hence SL(2,R)0 commutes with
SL(2,R)k (k = 2, . . . , 7). It is also easy to see that SL(2,R)0 and SL(2,R)1 do
not commute but generate SL(3,R). As we already remarked, (3.13) is well-defined
irrespective of the decomposition of E
(11)αˆ
µˆ or whether or not E
(3)α
µ or e
a
i is in upper-
triangular form. Thus the matter is reduced to a trival algebra of matrices. If the set
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{−δe0 ,−δf0 ,−δh0} is regarded as a part of the Chevalley generators, the corresponding
elements of the “extended Cartan matrix” are
K0k = Kk0 = 2δk,0 − δk,1 (k = 0, . . . , 7). (3.15)
Next consider the relation between SL(2,R)0 and SL(2,R)8. δh8-charges of the
scalar fields in three dimensions can be read off from (2.55). Let q(i) be a function
defined by
q(i) =


−13 i = 1, . . . , 5,
2
3
i = 6, 7, 8,
(3.16)
then δh8-charges q8 are
q8(e
a
i ) = q(i),
q8(ψi) =
1
3
+ q(i),
q8(Aijk) = q(i) + q(j) + q(k), (3.17)
q8(ϕ
ij) =
1
3
− q(i)− q(j).
E(3)αµ is of course δh8-neutral. Using the duality relation, δh8-charges of E
(11)α
y and
Ayjk turn out to be
q8(E
(11)α
y ) = −
1
3
(3.18)
and
q8(Ayjk) = −1
3
+ q(i) + q(j), (3.19)
which are equal to q(e α1 ) and q(A1jk), respectively. Thus SL(2,R)0 does not change
δh8-charge.
Similarly, δh0-charges q0 of the eleven-dimensional fields are
q0(E
(11)αˆ
µˆ ) = +δ
y
µˆ − δ1µˆ, q0(Aµˆνˆρˆ) = (δyµˆ + δyνˆ + δyρˆ)− (δ1µˆ + δ1νˆ + δ1ρˆ). (3.20)
The duality relations translate these equations into those in terms the three- dimen-
sional fields as follows:
q0(e
a
i ) = −δ1i ,
q0(ψi) = −1− δ1i ,
q0(Aijk) = −(δ1i + δ1j + δ1k), (3.21)
q0(ϕ
ij) = −1 + δ1i + δ1j ,
q0(E
(3)α
µ ) = −1 + δyµ.
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In view of (2.53)(2.54), we also find that SL(2,R)8 does not change δh0-charge.
3.3 Serre relation
What remains to check is the Serre relation between SL(2,R)0 and SL(2,R)8. Since
δf0 gives rise to a non-zero E
(11)α
i element, one needs a local Lorentz transformation
δ
(comp)
f0
to restore the “block-upper-triangular” form of the elfbein (2.5). Including
this contribution, the total variation δ
(tot)
f0
≡ δf0 + δ(comp)f0 is given as
δ
(tot)
f0
E(3)αµ = 2B
1
[y E
(3)α
µ] ,
δ
(tot)
f0
B iµ = e
−2G(3)µy g
i1 − B 1µ B iy ,
δ
(tot)
f0
e ai = δ
1
iB
j
µ e
a
j ,
δ
(tot)
f0
Aijk = 3δ
1
[iAjk]y,
δ
(tot)
f0
Aµij = 2δ
1
[iAj]µy,
δ
(tot)
f0
Aµνi = δ
1
iAµνy,
δ
(tot)
f0
Aµνρ = 0. (3.22)
The rule of δe0 is much simpler:
δe0E
(3)α
µ = δe0e
a
i = δe0Aijk = 0,
δe0B
i
µ = δ
y
µδ
i
1,
δe0Aµij = δ
y
µA1ij ,
δe0Aµνi = 2δ
y
[µAν]i1,
δe0Aµνρ = 3δ
y
[µAνρ]1. (3.23)
To prove that the symmetry algebra is E9 one needs to show [δe0, δe8 ] = [δf0 , δf8] =
0 on all the fields that appear in the theory. What makes the situation difficult is the
fact that SL(2,R)8 is originally defined as a variation on the three-dimensional dual-
ized fields ϕij and ψi while SL(2,R)0 naturally acts on the eleven-dimensional fields,
or “un-dualized fields” A′µij and B
i
µ . Thus all one can do is to verify the commutator
to vanish only on their derivatives using the eqs. (2.9)(2.10) [15]. Since there appear
only the field strengths in the original Lagrangian, the gauge potentials A′µij and B
i
µ
themselves do not affect physics classically, but they can quantum mechanically. We
will restrict ourselves to the classical aspect of E9 in this paper.
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Let us examine [δ
(tot)
f0
, δ
(tot)
f8
]. It is easy to find that [δ
(tot)
f0
, δ
(tot)
f8
]e ai = [δ
(tot)
f0
, δ
(tot)
f8
]Biµν =
0 if and only if
δ
(tot)
f8
B iy = 6A
′
y[78δ
i
6],
δ
(tot)
f8
B 1µ = 0. (3.24)
They are consistent with the equation
δ
(tot)
f8
Bkµν = 6F
′
µν[78δ
k
6], (3.25)
which is derived from (2.59) and (2.10). Then [δ
(tot)
f0
, δ
(tot)
f8
]E(3)αµ = 0 follows.
Since δ
(tot)
f0
δ
(tot)
f8
Aijk contains a term −12ǫijk678pqδ
(tot)
f0
ϕpq, we calculate the commu-
tator on ∂µAijk as we noted above. Useful formulas are
δ
(tot)
f8
F (3)ijµν = −3Bµν[6δ[i7 δj]8] − 12(Ap78F (3)p[jµν δi]6 )[678] +
2
3
A678F
(3)ij
µν
+
1
6
E(3)−1e−2ǫµνρǫijpqrstu∂ρAstugp6gq7gr8, (3.26)
δ
(tot)
f0
(E(3)e2F (3)µ¯yij) = E(3)e2
[
2F ′′µ¯y [jy g
i]1 +B 1y F
(3)µ¯yij + (2B jy F
(3)µ¯y1i)[ij]
−e−2gikgjlg1m∂µ¯Aklm
]
, (3.27)
where F ′′µνρi ≡ Fµνρi − 3Bk[µFνρ]ki + 3Bj[µBkνFρ]jki is the Kaluza-Klein invariant non-
dynamical three-form field strength, which was ignored in the three-dimensional re-
duced Lagrangian (2.2). Using these equations, one finds
[δ
(tot)
f0
, δ
(tot)
f8
]∂ρAijk = −3
2
δ1[iǫjk]1678pqǫµνρE
(3)e2F ′′µν [qy g
p]1. (3.28)
Thus the commutator can be consistently set to zero.
The commutator on F
(3)
µνij is the most complicated but can be done straightfor-
wardly. In practice much labor can be saved if one calculates [δ
(tot)
f0
, δ
(tot)
f8
](E(3)e2F (3)µ¯yij)
and uses the above formulas. It is worth noting that F (3)µ¯ν¯ij = Bµ¯ν¯k = 0 since ∂y = 0
for any field in rhs of the duality relations (2.9)(2.10). In fact, this is a part of Geroch’s
compatibility condition considered in the next subsection. After some calculation one
may confirm that [δ
(tot)
f0
, δ
(tot)
f8
](E(3)e2F (3)µ¯yij) vanishes up to terms proportional to
F ′′µνρi.
Let us now turn to the examination of [δe0 , δe8]. This vanishes on E
(3)α
µ , e
a
i and
Aijk trivially. It is also easy to see that δe0B
µν
k = δe0F
(3)µνij = 0, so that
δe0ϕ
ij = cij ,
δe0(∂µψi) = −cjkAijk + di, (3.29)
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Figure 3: Dynkin diagram of E9.
1 2 3 4 5 6 7
8
0
where cij, di are constants. Thus [δe0, δe8 ] vanishes also on ∂µϕ
ij and ∂µψi. (One may
even check that it vanishes on ϕij, and does on ψi provided that c
67 = c78 = c86 = 0.)
Finally let us consider the non-dynamical fields (three- and four-form field strengths).
One might worry that the SL(2,R)0 may give rise to a dynamical field out of non-
dynamical one, so that the latter may not be consistently ignored. Since δ
(tot)
f0
ef-
fectively replaces i, j, . . . indices with y, only δe0 is dangerous. Happily, the Kaluza-
Klein invariant combinations A′µνi ≡ Aµνk − 2B j[νAµ]jk + B i[µB jν]Aijk and A′µνρ ≡
Aµνρ − 3B k[ρ Aµν]k + 3B j[νB kρ Aµ]jk − B i[µB jν B kρ] Aijk are δe0-invariant, and so are the
bilinear of F ′′µνρk (= 3∂[µA
′
νρ]k − 3Bj[µνA′ρ]jk) and 4∂[µA′νρσ]− 6Bj[µνA′ρσ]k omitted in the
Lagrangian (2.2). Hence δe0 commutes with δe8 on these fields. This completes the
proof of the commutativity of SL(2,R)0 and SL(2,R)8 and allows us to define
K08 = K80 = 0. (3.30)
(3.15) and (3.30) extend the Cartan matrix (2.43) to that of E9 (Fig.3).
3.4 Compatibility of the symmetry with the Killing vector
fields
Let us conclude this section with a remark on Geroch’s condition concerning the
compatibility of the symmetry with the Killing vector fields [14]. We have shown
in this section that the new Killing vector field ∂y gives rise to an extra symmetry
SL(2,R)0 which together with the E8 forms the E9 commutation relations. For this
E9 to be really a symmetry of the reduced system, any Killing vector field assumed
to exist must be mapped to another Killing vector field again by any action of the
symmetry for consistency. In other word all the new fields after the transformation
must be again independent of y or xi, i = 1, . . . , 8. This is a trivial requirement if
the infinitesimal transformation is given in terms of a function of eleven-dimensional
fields only, but, if the variation includes dualized fields, it gives the constraints ∂yψk =
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∂yϕ
ij = 0, which imply
Bµνk = 0, F
′µνij = 0. (3.31)
Since the coordinates y and xi, i = 1, . . . , 8 are now on the same footing, one may also
take y and seven of eight xi as the coordinates of an eight-torus, dualize the three-
dimensional vectors and impose the independence of the remaining last one that
was not taken as the coordinate of the eight-torus. One would then obtain similar
conditions on the vector fields which may also have y index. But the conditions
(3.31) are based on a specific splitting of the three-dimensional space and do not
allow a simple replacement of indices. To derive the fully y-xi symmetric conditions
we rewrite (3.31) into equivalent expressions
ǫµˆ0µˆ1···µˆ8νˆρˆξ
µˆ0
(0)ξ
µˆ1
(1) · · · ξµˆ8(8)∇νˆξ ρˆ(i) = 0,
ǫµˆ0µˆ1···µˆ8νˆρˆξ
µˆ0
(0)ξ
µˆ1
(1) · · · ξµˆ8(8)ξ(i)τˆξ(j)σˆ∇[νˆAρˆτˆ σˆ] = 0, (3.32)
where ξµˆ(i) = δ
µˆ
i and ξ
µˆ
(0) = δ
µˆ
y are the Killing vector fields assumed to exist. They are
manifestly y-xi symmetric if one allows i to take 0 and regards x0 as y. With this
extension (3.32) obviously generalize Geroch’s compatibility condition derived in four-
dimensional pure gravity [14] and we assume them to hold for consistency. Note that
the first set of equations are satisfied if all the Killing vector fields are hypersurface-
orthogonal, while the second impose some conditions on the field strength of Aµij and
Aµνi.
4 E10 in one dimension
4.1 Null Killing vector in two dimensions
So far we have discussed the E9 symmetry in two dimensions. We would now like to
study the enlargement of the symmetry to E10. We first describe a special feature of
dimensional reduction from two to one dimension [15].
We parameterize the dreibein as
E(3)αµ =
[
E
(2)α
µ ρAµ
0 ρ
]
, (4.1)
where µ = µ, y and µ = +˙, −˙ (They are dotted in order to distinguish them from
Lorentz indices.) are three- and two- dimensional curved indices, whereas α = α, 2
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and α = +,− are corresponding Lorentz indices, respectively. (We switch the nota-
tion from t, x to +˙, −˙.) Conventions for the flat metrics are
η
(3)
αβ =
[
η
(2)
αβ
1
]
, η
(2)
αβ
=
[
1
1
]
. (4.2)
Introducing the ninth Killing vector ∂y, the three-dimensional nonlinear sigma model
L = E(3)(R(3) + 1
240
GµνTr∂µM−1∂νM) (4.3)
is then reduced to
L = ρE(2)(R(2) − 1
4
ρ2HµνH
µν +
1
240
Tr∂µM−1∂µM), (4.4)
where Hµν = ∂µAν − ∂νAµ. (4.4) is on-shell equivalent to (3.4).
Next we take ∂−˙ as the tenth Killing vector. The duality relation (2.10) then
becomes
Bi−˙y = 0 = E
(3)e−2G(3)+˙+˙gij(∂+˙ψj + · · ·), (4.5)
Bi+˙−˙ = ∂+˙B
i
−˙ = E
(3)e−2G(3)y+˙gij(∂+˙ψj + · · ·), (4.6)
Bi+˙y = ∂+˙B
i
y = − E(3)e−2G(3)−˙+˙gij(∂+˙ψj + · · ·). (4.7)
The precise form of the terms represented by dots can be found in (2.10). Suppose
that G(3)+˙+˙ 6= 0. These equations require that Bi−˙ and Biy are constants, and ψi, ϕij
and Aijk are constrained by some relations before equations of motion are imposed.
Then there is no degree of freedom for the dual field ψi to carry. The duality relation
ceases to relate the fields dual with each other and falls into trivial. A similar thing
is true for the relation (2.9). Therefore, one needs to take the Killing vector ∂−˙ to be
null-like if one wants to have non-trivial duality relations [15].
We adopt the following parameterization for the zweibein [21, 22, 23]:
E
(2)α
µ =

 e++˙ µ−˙+˙e−−˙
µ+˙−˙e
+
+˙
e−−˙

 . (4.8)
µ−˙
+˙
and µ+˙−˙ are the Lorentzian analogue of Beltrami differentials. That is, for given
µ−˙
+˙
and µ+˙−˙, the line element
ds2 = e+
+˙
e−−˙(dx
+˙ + µ+˙−˙dx
−˙)(dx−˙ + µ−˙
+˙
dx+˙) (4.9)
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can be cast into the form 2λdudv for some conformal factor λ and for some u, v such
that
µ+˙−˙ =
∂−˙u
∂+˙u
, µ−˙
+˙
=
∂−˙v
∂+˙v
. (4.10)
Hence µ+˙−˙ and µ
−˙
+˙
parameterize the “conformal structure” of two-dimensional Lorentzian
metrics. Note that they are real and independent each other.
The condition G(3)+˙+˙ = 0 implies that µ+˙−˙ vanishes. The reduced Lagrangian
reads
L = E(2)−1
(
−2∂+˙ρ∂+˙(µ+˙−˙e++˙e−−˙) +
1
2
ρ3(∂+˙A−˙)
2
)
+
1
240
ρ
2µ+˙−˙
1− µ−˙
+˙
µ+˙−˙
Tr(M−1∂+˙M)2. (4.11)
µ+˙−˙ is set to be zero after deriving the equations of motion. The independent ones are
e+
+˙
e−−˙∂+˙
∂+˙ρ
e+
+˙
e−−˙
+
1
240
ρTr(M−1∂+˙M)2 = 0 (4.12)
and
∂+˙A−˙ = 0. (4.13)
4.2 New SL(2,R) symmetry
We will now describe a new SL(2,R) symmetry in one dimension. This SL(2,R) is
defined to act on the second and third rows of the elfbein. For E(3)αµ in the decompo-
sition (2.5) it only affects the lower-right two-by-two part (before compensating gauge
transformations). eai is left unchanged. Denoting the infinitesimal transformations
corresponding to the Chevalley generators by {−δe−1 ,−δf−1 ,−δh−1}, the first and the
last are given by
δe−1
[
e−−˙ ρA−˙
0 ρ
]
=
[
1
0
] [
e−−˙ ρA−˙
0 ρ
]
=
[
0 ρ
0 0
]
, (4.14)
δh−1
[
e−−˙ ρA−˙
0 ρ
]
=
[
1
−1
] [
e−−˙ ρA−˙
0 ρ
]
=
[
e−−˙ ρA−˙
0 −ρ
]
, (4.15)
while the multiplication of
[
0
1
]
does not preserve the upper-triangular gauge, so
a suitable compensating gauge tranfomation is needed for δf−1 :
δf−1

 E(2)αµ ρAµ
0 0 ρ

 =


0 0
0 0
0
0
0 1 0



 E(2)αµ ρAµ
0 0 ρ


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Table 1: SL(2,R)−1 transformations.
δe−1 δh−1 δf−1
e+
+˙
0 0 0
e−−˙ 0 e
−
−˙ −A−˙e−−˙
µ−˙
+˙
0 −µ−˙
+˙
−A+˙ + µ−˙+˙A−˙
µ+˙−˙ 0 0 0
A+˙ 0 A+˙ −A+˙A−˙ + ρ−1e++˙e−−˙
A−˙ 1 2A−˙ −A2−˙
ρ 0 −ρ ρA−˙
eai 0 0 0
ψi 0 0 0
Aijk 0 0 0
ϕij 0 0 0
+

 E(2)αµ ρAµ
0 0 ρ

 · ρ−1e−−˙

 0 0 10 0 0
0 −1 0


=


0 −e−−˙A+˙ ρ−1e++˙e−−˙
0 −e−−˙A−˙ 0
0 0 ρA−˙

 . (4.16)
These equations determine the transformation law of the components of the dreibein.
We also define that the three-dimensional sigma-model scalars are invariant. These
new SL(2,R) transformations are summarized in Table 1. Note that µ+˙−˙ is kept
unchanged under these transformations, which is consistent with our assumption. It
is easy to see that the variations of the equations of motion (4.12)(4.13) vanish if they
are used themselves. Hence this SL(2,R) is a symmetry.
For the fields “before the dualization” Biµ and Aµij , the transformaions are defined
as
δe−1B
i
−˙ = B
i
y, δh−1B
i
−˙ = B
i
−˙, δf−1B
i
−˙ = 0, (4.17)
δe−1B
i
y = 0, δh−1B
i
y = −Biy, δf−1Biy = Bi−˙, (4.18)
δe−1B
i
+˙ = δh−1B
i
+˙ = δf−1B
i
+˙ = 0, (4.19)
and
δe−1A−˙jk = Ayjk, δh−1A−˙jk = A−˙jk, δf−1A−˙jk = 0, (4.20)
δe−1Ayjk = 0, δh−1Ayjk = −Ayjk, δf−1Ayjk = A−˙jk, (4.21)
δe−1A+˙jk = δh−1A+˙jk = δf−1A+˙jk = 0. (4.22)
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The Killing vector ∂−˙ gives arise to additional Geroch compatibility conditions
B+˙yk = F
′+˙yij = 0. They are similarly expressed in the form (3.32) with one of
0, . . . , 8 being replaced by −1, where ξµˆ(−1)∂µˆ = ∂−˙.
4.3 Non-trivial realization of the new SL(2,R)
In the previous subsection we saw an extra SL(2,R) symmetry in one dimension
with keeping the degrees of freedom of Beltrami differentials. In this subsection we
show that this transformation certainly enlarges the symmetry which already exists
in higher dimensions. For this purpose we further compactify the x+˙ direction on
a circle and verify that the new SL(2,R) includes transformations that change the
conformal structure of the (x+˙, x−˙)-torus. The transformation formula obtained in
the last subsection shows that µ−˙
+˙
does change under δf−1 . We will show that this
variation cannot be generated by a reparameterization.
Before and after the action of δf−1 , the Killing vector ∂−˙ is preserved. Such
diffeomorphisms are caused by the vector fields of the form
Y = ǫ+˙(x+˙)∂+˙ + ǫ
−˙(x+˙)∂−˙, (4.23)
where ǫ±˙(x+˙) is periodic functions of x+˙ only.
A variation of a differential form under a diffeomorphism is given by its Lie deriva-
tive, that is
LYE
(2)α
ν = ǫ
µ∂µE
(2)α
ν + E
(2)α
µ ∂νǫ
µ
= ǫ+˙∂+˙E
(2)α
ν + E
(2)α
µ ∂+˙ǫ
µδ+˙ν , (4.24)
where we used ∂−˙E
(2)α
ν = ∂−˙ǫµ = 0. Since
LYE
(2)−
+˙
= µ−˙
+˙
LYE
(2)−
−˙ + E
(2)−
−˙ LY µ
−˙
+˙
, (4.25)
the Lie derivative of µ−˙
+˙
reads
LY µ
−˙
+˙
= ∂+˙(ǫ
+˙µ−˙
+˙
+ ǫ−˙). (4.26)
Thus the change of µ−˙
+˙
under the diffeomorphism is a total derivative, and in particular
∫
period
dx+˙LY µ
−˙
+˙
= 0. (4.27)
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On the other hand, one can obviously take A+˙ and µ
−˙
+˙
such that they satisfy 8
∫
period
dx+˙(A+˙ − µ−˙+˙A−˙) 6= 0. (4.28)
Hence δf−1µ
−˙
+˙
cannot be generated by any diffeomorphism. This proves that the new
SL(2,R) is indeed an enlargement of the symmetry because all the rest do not affect
the conformal structure of the (x+˙, x−˙)-torus.
4.4 From E9 to E10
We will now focus on the question of the E10 symmetry. Since SL(2,R)−1 is so
constructed that it acts on the eleven-dimensional fields as
δx−1E
(11)αˆ
µˆ = X
νˆ
(−1)µˆE
(11)αˆ
νˆ , (4.29)
δx−1Aµˆνˆρˆ = 3(X
σˆ
(−1)µˆAσˆνˆρˆ)[µˆνˆρˆ] (4.30)
(x = e, f, h and X = E, F,H defined by (3.9)), with
X νˆ(−1)µˆ =
+˙ −˙ y 1 · · · 8

0
X
0
. . .
0


, (4.31)
it commutes with SL(2,R)k (k = 1, . . . , 7) and generates SL(3,R) with SL(2,R)0.
It is also obvious that SL(2,R)−1 and SL(2,R)8 commute. Thus, regarding {−δe−1 ,
−δf−1 , −δh−1} as a new set of the Chevalley generators, one may extend the Cartan
matrix as
K−1 j = Kj −1 = 2δj,−1 − δj,0 (4.32)
(j = −1, 0, 1, . . . , 8), giving the Cartan matrix of E10. This completes the proof of
the main assertion of this paper.
Finally we would like to emphasize that the greatest difficulty in establishing
the E10 symmetry was (apart from the issue of non-trivial realization), after all, the
check of the commutativity of SL(2,R)0 and SL(2,R)8 in the previous section, and
8 Being on a torus, the constant mode of A+˙ cannot be gauged away by the Kaluza-Klein gauge
transformation.
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once we proved E9, it was rather easy to confirm E10. This was because SL(2,R)−1
manifestly commutes with the E8 and hence one has only to examine the relation
with SL(2,R)0 to show that they generate SL(3,R). Realized linearly, the latter was
shown as a consequence of a trivial algebra of matrices.
5 Conclusions
We have considered dimensional reduction of the eleven-dimensional supergravity to
three, two and one dimension(s). We derived the three-dimensional E8(+8)/SO(16)
nonlinear sigma model by direct dimensional reduction from eleven dimensions. Freuden-
thal’s classical construction of E8 turned out to reflect its “supergravity structure”
very clearly. In two dimensions we found a Matzner-Misner-type SL(2,R) symme-
try. The transformation rules corresponding to the Chevalley generators of E9 were
explicitly written down. We gave a complete check of the generating relations of E9
on all the fields including the field strengths of U(1) gauge fields, but the gauge po-
tentials. This provides a proof of the E9 (“E9(+9)”) hidden symmetry of the bosonic
part of the eleven-dimensional supergravity upon reduction to two dimensions. The
generalized Geroch compatibility (hypersurface-orthogonality) condition was derived.
The check on the gauge potentials is basically impossible in our scheme since the du-
ality relations are only defined for their field strengths. Therefore our proof holds
only classically. It is naturally expected that in the full quantum M theory only its
discrete subgroup of E9 should survive as an exact symmetry.
Upon further reduction to one dimension we found a new SL(2,R) symmetry, the
transformation rule of which is defined similarly to that of [15] found in D = 4 pure
gravity. We had to take the Killing vector to be null so as for the duality relations
to be non-trivial. Consequently, this SL(2,R) acts on the space of certain plane
wave solutions propagating at the speed of light. The E9 being established in two
dimensions, it was not difficult to see that the full symmetry algebra is a real form of
E10. To show that this SL(2,R) cannot be expressed in terms of the old E9 but truly
enlarges the symmetry, we compactified the final two dimensions on a two-torus and
confirmed that it changes the conformal structure of this two-torus.
There remain many things to be done for a better understanding of the E10 sym-
metry. We conclude this paper by listing some of them:
(i) It is a bit awkward to compactify the final two dimensions because this means that
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all the dimensions are compactified in typeII string theory. As already mentioned in
the introduction, a symmetry truly larger than E9 could be realized on the fields of
three-form origin without compactifying the last dimension.
(ii) One is tempted to think that E10, which is a consequence of a null reduction,
might be related to Matrix theory [24] proposed as a description of M theory in infi-
nite momentum frame. A deeper understanding of null reduction [16, 25] is desirable.
(iii) U duality of typeII string and M theory below three dimensions must be inves-
tigated.
(iv) Obviously, fermions must also be included.
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